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Overview

@ Intro and motivation
© Generalities

© Monte Carlo Methods
@ Continuous time Quantum Monte Carlo
o Auxiliary field QMC
@ Stochastic series QMC
@ Variational Quantum Monte Carlo

@ Sclected applications
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Why Monte Carlo?

@ Interest in modelling, predicting and gaining insights for various
physical systems.
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by too many degrees of freedom.

@ The Central limit theorem : The distribution of a sum of independent
random variables approaches a Gaussian distribution.

o X = ZX, = fx(x) ~ N(,ux,—)
° Markov Chain central limit theorem

@ Advances in computing power and especially efficient development of
algorithms

o Submatrix Updates for the Hirsch-Fye algorithm [8].
e Advent of Continuous time quantum Monte Carlo solvers [5] !
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Model Hamiltonian

Models

H = Hee + Hg + Hep + ...
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Model Hamiltonian

Models

H = Hee + Hg + Heg + ... (1)
Hee = th/’c ¢ + Upyrnyny (2)

Hg = qub bg (3)
Hes = qu (quq+pf,bq) (4)
q

pa = palc’,c]
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Model Hamiltonian

Models
H = Heet Ha+ Hes .. (1) \what MC for what ?
— T
Hee = Z i €6 + Uy (2) g Spin systems (Heisenberg)
o : = SSE
Hg = qubqbq (C)R Lattice systems = Af-QMC
q
e (Anderson) Impurity
Hep = qu ('quil + pgbq> (4) problems = CTQMC
q
pa = pqlct, c]
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Monte-Carlo Basics 1.1

= Quantities of interests : Observables !
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Monte-Carlo Basics 1.1

= Quantities of interests : Observables !
= Calculated through an expectation value with respect to a given
probability distribution.

(A), = Cznp(cn)An - /C ) X PUA) (5)

= Sum over a probability distribution with probability p(C,) for the
configuration C,,.
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Monte-Carlo Basics 1.2

Importance Sampling
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Monte-Carlo Basics 1.3

= Thus, one must write observables ideally in a form of a quadrature.
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Monte-Carlo Basics 1.3

= Thus, one must write observables ideally in a form of a quadrature.
= Sampling according to the partition function, which can be written in
such form is therefore very natural.

Z = Tr[exp —H] (8)

The trace can be computed in any basis, but some basis are better
for different problems.
CTQMC Coherent States path integrals.

SSE Taylor expansion in a cleverly chosen basis of H (avoid
sign-problem).

AF-QMC Hubbard-Stratonovich transformation = independent Ising
spins " basis".
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CTQMC : Coherent states

z- / D[ec] exp[-S]
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CTQMC : Coherent states

Z—/D[cc] exp[—5] _/D[cc]e_SOe_Sl
—EI/D[cc]e_S0 [ D" (S)) ]

Coherent state Path
integral

Taylor expansion :
Feynman Diagrams
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CTQMC : Coherent states

7 —/D[cc] exp[—S] —/D[cc]e_soe_s’ Coherent state Path

integral

—Z/D[cc]e_s" [ D (S)) } Taylor expansion :

Feynman Diagrams
1 / /
= = Z /dldl ..dmdm
— m!
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CTQMC : Coherent states

Z—/D[cc] exp[—5] _/D[cc]e_SOe_Sl
—Z/D[cc]e_SO [ D" (S)) ]
= = mzzjonlﬂ/dldl’...dmdm’

V11/... me/ <T.,-[n1n1/...nmnm/]>0

Coherent state Path
integral

Taylor expansion :
Feynman Diagrams

1 Band Hubbard model
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CTQMC : Coherent states

Z—/D[cc] exp[—5] _/D[cc]e_SOe_Sl
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= = mzzjonlﬂ/dldl’...dmdm’
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Z—/D[cc] exp[—5] _/D[cc]e_SOe_Sl
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Coherent state Path
integral

Taylor expansion :
Feynman Diagrams

1 Band Hubbard model

Wick’s Theorem
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Z ="Tr [e_/BH}
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AF-QMC

Z="Tr [e‘ﬂH} ~ Tr [e_'BHOe_ﬁH’} (9)

One must then use a discrete Hubbard Stratonovich to decouple the
quartic terms in H;. One Ising field at each imaginary time slice.
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One must then use a discrete Hubbard Stratonovich to decouple the
quartic terms in H;. One Ising field at each imaginary time slice.
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One must then use a discrete Hubbard Stratonovich to decouple the
quartic terms in H;. One Ising field at each imaginary time slice.
Take L time slices.
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AF-QMC

Z="Tr [e‘BH} ~ Tr [e_'BHOe_ﬁH’} (9)

One must then use a discrete Hubbard Stratonovich to decouple the
quartic terms in H;. One Ising field at each imaginary time slice.
Take L time slices.

exp (—ATU[n¢n¢ — %(”T + n¢)]) = % Z exp (As(ny — ny)) (10)
s==+1

With this transformation, the fermions interact now through bosons with
coupling A.

L-1
= 7= ziL > T [H e A7 exp (As(ny — n¢))] (11)
{s} /=0

[9]
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Stochastic series expansion Monte Carlo

The basic idea of SSE is to write the trace over the evolution operator
using complete basis states and taylor expanding :
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Stochastic series expansion Monte Carlo

The basic idea of SSE is to write the trace over the evolution operator
using complete basis states and taylor expanding :

Z="Tr [e‘BH} (12)

—Z o\z H)" |ao)
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Stochastic series expansion Monte Carlo

The basic idea of SSE is to write the trace over the evolution operator
using complete basis states and taylor expanding :

Z="Tr [e‘BH} (12)
= 3 {0l X2 2 (-H)" o) (13)

= 35 P ol (~H) lan) ol (~H) 2) . {atna] (—H) )

{ai} n=0
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Variational Quantum Monte Carlo

@ Establish a variational wave function.
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@ Calculate the expectation value for the energy with this given wave
function.
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Variational Quantum Monte Carlo

@ Establish a variational wave function.

@ Calculate the expectation value for the energy with this given wave
function.

© Find a minimum (variational energy) with respect to the variational
parameters.

Charles-David Hebert (UdeS) QMC Fun 20 novembre 2018 11/16



Variational Quantum Monte Carlo

@ Establish a variational wave function.

@ Calculate the expectation value for the energy with this given wave
function.

© Find a minimum (variational energy) with respect to the variational
parameters.

© Calculate various physical observables with the wave function

obtained previously.
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Variational Quantum Monte Carlo

@ Establish a variational wave function.

@ Calculate the expectation value for the energy with this given wave
function.

© Find a minimum (variational energy) with respect to the variational
parameters.

© Calculate various physical observables with the wave function

obtained previously.

= x := "real-space configuration”, and o := "variational parameters”.
= ol o)
(Va[Va)
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Variational Quantum Monte Carlo

@ Establish a variational wave function.

@ Calculate the expectation value for the energy with this given wave
function.

© Find a minimum (variational energy) with respect to the variational
parameters.

© Calculate various physical observables with the wave function

obtained previously.

= x := "real-space configuration”, and o := "variational parameters”.
V|l H|WV
Ea — < Ot| | 04> (15)
(Va|Va)

Eo = Zpa(x)l_\llj:?)(:)()
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Variational Quantum Monte Carlo

@ Establish a variational wave function.

@ Calculate the expectation value for the energy with this given wave
function.

© Find a minimum (variational energy) with respect to the variational
parameters.

© Calculate various physical observables with the wave function

obtained previously.

= x := "real-space configuration”, and o := "variational parameters”.
(Va| H Vo)
Eon=—7"7+—— 15
" WV (49)
HWV o (x)
Eo = —_— 16
=Ll 19
Va(x)P?

G ST
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Variational Quantum Monte Carlo

@ Establish a variational wave function.

@ Calculate the expectation value for the energy with this given wave
function.

© Find a minimum (variational energy) with respect to the variational
parameters.

© Calculate various physical observables with the wave function
obtained previously.

= x := "real-space configuration”, and o := "variational parameters”.
(Va| H Vo)
Eo=——""7—"—- 15
" WV (49)
HWV o (x)
Eo = 16
=Ll 19
Vo (x)?
pal) = et (17)

> V(X))
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Variational Quantum Monte Carlo

@ Establish a variational wave function.

@ Calculate the expectation value for the energy with this given wave
function.

© Find a minimum (variational energy) with respect to the variational
parameters.

© Calculate various physical observables with the wave function
obtained previously.

= x := "real-space configuration”, and « := "variational parameters”.
V,|H|V
Ea — < CX| | C!> (15) -
(Vo [Va) = Importance Sampling :

HV,(x
Fa= S ral) Gy ) S L
[Wa(x)? mooe
S V()
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SSE Application : 1D Heisenberg Model

0.15

0.108

X

e /. = /024 (SSE)
0.05 — L =106 (exacy)
e T =0 (Bethe Ansatz)

0. 0% L | L | L | L
' vij ‘
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CTQMC Application

square lattice

: Metal-Insulator Crossover on the

DCA 4x4
e -@ pBt=30
~
LN
0.20 ~o
~
o N
So1s e
I
LA
G 0.10
2 L]
0.05 - 'Y
\\\
- __
0.00 -
425 450 500 525 550 575 6.00
u/t
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AF-QMC Application : The ground-state phase diagram

for the honeycomb lattice model
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